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Abstract

The linear radiative transfer equation, a partial differential equation for the radiation intensity u(x,s), with independent
variables x € D C R" in the physical domain D of dimension n = 2,3, and angular variable s € §* := {y € R* : |y| = 1}, is
solved in the n 4 2-dimensional computational domain D x S2. We propose an adaptive multilevel Galerkin finite element
method (FEM) for its numerical solution. Our approach is based on (a) a stabilized variational formulation of the trans-
port operator, (b) on so-called sparse tensor products of two hierarchic families of finite element spaces in H'(D) and in
L*(S%), respectively, and (c) on wavelet thresholding techniques to adapt the discretization to the underlying problem. An a
priori error analysis shows, under strong regularity assumptions on the solution, that the sparse tensor product method is
clearly superior to a discrete ordinates method, as it converges with essentially optimal asymptotic rates while its complex-
ity grows essentially only as that for a linear transport problem in R". Numerical experiments for n = 2 on a set of example
problems agree with the convergence and complexity analysis of the method and show that introducing adaptivity can
improve performance in terms of accuracy vs. number of degrees even further.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

We are concerned with the numerical solution of the stationary monochromatic radiative transfer equation
[1] on a bounded Lipschitz domain D C R",n =2 or 3, with fully absorbing cold walls without scattering.
We identify a direction s with a point on the sphere S* and are looking for the intensity u(x,s), satisfying

s- Vyu(x,s) + k(xX)u(x,s) = k(x)f(x), (x,s) €D xS (1)
u(x,s) =0, x€dD, s-n(x)<0, (2)

n(x) is the outer unit normal on the boundary, x > 0 the absorption coefficient, f/ > 0 the blackbody
intensity.
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Regarding the direction s as a mere parameter, the equation can be solved by line integration for any given
position (x,s). However, as the equation is stated in five (respectively four, for n = 2) dimensions, this strategy
is too expensive in order to compute the intensity field u(x,s) with a fine resolution.

Popular methods to solve the radiative transfer problem are, apart from Monte Carlo schemes, the method
of spherical harmonics (in particular the P, approximation) or the discrete ordinates method. Overviews of
numerical methods for radiative transfer can e.g. be found in [1] or [2] and some recent developments in [3].

The method of spherical harmonics is based on a semi-discretization in the solid angle by expanding the
intensity into a truncated series of spherical harmonics, which leads to a coupled system of equations in space
only. For the P, approximation, the equations (1) and (2) boil down to a diffusion equation. The Py approx-
imation is only suitable when the intensity function is near-isotropic, as the approximation rate with respect to
the number of spherical harmonics is very poor for highly non-isotropic functions (cf. [1, Sect. 15]).

In the discrete ordinates method (often referred to as Sy), the equation is solved for N fixed directions. The
method is very popular due to its simplicity, but suffers from so-called ray effects which require a fine angular
resolution if localized emissive areas are present.

In most applications, the systems of equations arising from a Py- or an Sy approximation are solved with
finite difference or finite element schemes. In [4], for example, a least squares formulation is discretized with
spherical harmonics in the solid angle and finite elements in space. Kanschat [5] uses a Petrov—Galerkin FE
discretization with piecewise constant functions in the solid angle and streamline diffusion stabilization in
the physical domain D.

The boundary value problem (1) is posed on an »n + 2-dimensional domain. Thus, uniform refinement of
standard finite element spaces incurs a drastic growth of the number of unknowns by a factor of 2" for a
moderate gain in extra accuracy. We will present a method to overcome this”curse of dimensionality” —
already observed in [6] — for radiative transfer problems with sufficiently smooth absorption coefficients
k(x) and blackbody intensity f(x). For problems that lack the required smoothness, we propose an adaptive
algorithm, based on a posteriori wavelet thresholding techniques, to reduce the number of degrees of freedom.
Unlike some other methods for radiative transfer, our method does not require x to be strictly positive.

The paper is structured as follows: in Section 2, we describe the problem setting and the scaled least squares
variational formulation used for deriving our method. Such stabilized formulations have been used e.g. in [7]
and in particular for the linear Boltzmann equation arising from the neutron transport problem in [8,4] or [9].
While in [8,9] the absorption coefficient is assumed to be bounded away from zero and the authors in [4] opti-
mize the scaling parameter to balance the absorption and scattering effects for constant coefficients, we tailor
the scaling parameter to provide coercivity and continuity estimates for partially degenerate absorption coef-
ficient functions.

Section 3 presents the Galerkin discretization and the construction of the approximation spaces. A tensor
product of piecewise linears in D and piecewise constant functions in the solid angle plus a one-point quad-
rature rule gives a formulation equivalent to the “discrete ordinates method” known to be computationally
expensive. Our new idea in constructing approximation spaces is to combine only tensor products of selected
“detail” spaces in two hierarchies of finite element spaces, one in the physical domain D and one in the solid
angle S?, respectively. The exclusion of most of the possible combinations of detail spaces in our construction
without compromising asymptotic convergence rates is, in fact, the key to breaking the curse of dimensionality
in this kind of problems.

The core development of this paper is contained in Sections 3.1-3.3. There, we detail the sparse tensor prod-
uct method, applied to the radiative transfer equation, including the two wavelet bases we use in D and in 52,
respectively. Our approach is inspired by the idea of hyperbolic cross approximations and by so-called sparse
grids. The latter were introduced in the finite element context by Zenger in [10]. Sparse grids have been used
for solving a wide range of high-dimensional problems, such as e.g. numerical integration [11], the N-electron
Schrédinger-equation in quantum chemistry [12], elliptic [13,14] and parabolic [15] partial differential equa-
tions, high-order FE methods [16] or integral equations [17] among others.

Our sparse tensor product method reduces the total number of degrees of freedom to the number of degrees
of freedom in physical space D only (up to logarithmic terms). We prove this for solutions of sufficient
smoothness and for sparse tensor products of FE-spaces with uniform mesh refinement in D and in S*. Even
without adaptivity, therefore, our sparse tensor method avoids the complexity of n + 2-dimensional problems
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without compromising convergence orders, at least for sufficiently smooth solutions. For problems like light
beams, however, the sparse tensor product method is not optimal in the sense of a best N-term approximation
[18]. In order to also cover this class of problems, where the smoothness requirement is not fulfilled, we
describe a particular adaptive sparse tensor product method in Section 4.

Adaptive sparse grid methods have for example been applied to the Helmholtz equation [19], elliptic PDE’s
[13] or a singular perturbation model [20]. More general adaptive wavelet methods can e.g. be found in [21-24]
and the references cited therein. Starting from the sparse tensor product space described in Section 3.1, we
iteratively update the space in order to obtain a solution that is close to a best N-term approximation. We
emphasize that straightforward adaptive approaches in radiative transfer, as e.g. [5], where in a FE method
with a fixed discretization in the solid angle the mesh in the physical domain D is refined according to a pos-
teriori error indicators, will improve the constant in complexity estimates but can not break the curse of
dimensionality in the solution of the n + 2-dimensional problem. The sparse, adaptive tensor finite element
method introduced here achieves this by adaptively resolving D x S? — interactions in multiscale representations
of the solution in D and S°, respectively.

Section 5 contains numerical results. We compare the full tensor product approximation, which, in this
case, is equivalent to a discrete ordinates method, to the sparse tensor product method with uniform mesh
refinement and with the adaptive sparse tensor product method for a set of model problems.

Finally, in Section 6, we comment on extending the present approach to higher order and also on applying
sparse tensorization to the Py-family of methods.

2. Variational formulation

The non-scattering stationary monochromatic radiative transfer equation on a bounded Lipschitz domain
D C R* with fully absorbing cold walls reads:

(s - Vi + x(x))u(x,s) = k(x)f(x) in D x S, (3)

u(x,s) =0 on I'_(s),s €S2, 4)
where I'_(s) denotes the inflow boundary defined by

I (s):={x€dD:s-n(x) <0} CcdD, secs. (5)

If we assume that % =0, where x = (x,y,2) € D x R,D C R? the equation reduces to a 2-dimensional
problem (n = 2) for u(x,s) = u(X,s),X = (x,y,0)’, in physical space. In that case, we ignore the third compo-
nent of the inner product s - Vyu.

When regarding s as a mere parameter, the radiative transfer equation (3)—(4) reduces to a linear convection
equation for the directed intensity u(-,s). It is well known that its standard Galerkin discretization by means of
continuous trial functions is unstable (e.g. [25]). As we want the variational formulation to be independent of
the discretization used and applicable to transparent media (i.e. x = 0), we opt for the stabilized variational
formulation proposed in [4],

i.e. we seek u : D x S>—R as the minimizer of the quadratic least squares functional

J(u) = (e(s- Vxu+ xu — xf),s - Vau + ku — xf) 2, (6)
where
I,  k(x) < Ko,
€(x) = {ﬁ7 K(X) > Ko (7)
with ko =~ 0.134 (for details see [26]). In (6), we adopted the notation
(u,0) 2 1= (U, 0) 2 sy :/ / uvdsdx (8)
D Js?

and the associated Z>-norm will be denoted by || o |.
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For the proper statement of this minimization problem as well as of the FEM below, we define the Hilbert

spaces

Vi={ucIl*(Dx58%):s Ve L*DxS}. 9)
We equip V in (9) with the norm || o ||, defined by

lullg := s - Vell” + fJu]? (10)
and introduce the subsets

Vo:={u€V:u=0onT_(s),sc S} (11)

Here, the homogeneous essential boundary condition on I'_(s) is well defined as V), is a closed, linear subspace
of V due to the continuity of the corresponding trace operator, cf. [27,28] or [29, Chapter XXI, Section 2].
Next we introduce the bilinear form

a(u,v) == (es - Vyu,s - Vyv),2 + (es - Viu, kv) > + (ekcu,s - Vyv) 2 + (ercu, kv),» (12)
and define the “source” functional

I(v) == (ex’f,v),2 + (exf,s - Viv),2. (13)
Then the resulting linear variational problem reads: Seek # € V), such that

a(i,v) =1(v) YveV,. (14)

For n = 2 we further require that there is a constant C > 0 such that
Is - Vul| = Cllu]. (15)

Then the following theorem holds [4].

Theorem 2.1. For every non-negative and bounded x the bilinear form a(u,v) is continuous on V X V and coercive
on Vo x Vy equipped with the norm | o ||s. In particular, for every f € L*(D x §*),there exists a unique weak
solution i € Vy of the stabilized variational form (14) of the radiative transfer problem (3) and (4).

Although the proofs in [4] are restricted to piecewise constant absorption coefficients, the extension to non-
constant coefficients is straightforward (see e.g. [26]).
As the bilinear form a(.,.) is symmetric and positive definite on V,, the expression

ull =/ au, u) (16)

defines a norm on V,, to which we will refer as “energy”, or A4(D x S*) norm below.

Remark 1. In this paper, we restrict ourselves to non-scattering radiative transfer and the least squares
formulation stated above. However, the (adaptive) sparse tensor product method could also be applied to
other variational formulations and to problems that consider scattering effects (see e.g. [4] or [9]).

3. Galerkin discretization

From now on, the variational problem (14) will be considered on the space
Vo:=H"Y(DxS8)NV,, HY(DxS*)=H"(D)®L*S%. (17)

Since ¥ is a proper, closed subspace of V, (and, hence, of V), the variational problem (14), restricted to V.,
admits a unique weak solution u € V. In what follows, we shall assume that the two weak solutions, it € Vy and
ucVy, of (14) coincide and denote this solution by u. This is a regularity assumption stating that the weak
solution u € V of (3) and (4) belongs, in fact, to H'(D) ® L*(S?). Note that this assumption precludes line dis-
continuities of # in D which may arise due to transport along rays of discontinuous boundary data. The Galer-
kin discretization of (14) is obtained, as usual, by restricting u = & and v in the weak formulation (14) to a
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one-parameter family of finite dimensional subspaces {V§}, of Vo, where the superscript L will denote “level”
of mesh refinement. This yields

up € Vi alug,v) =1(v) Yoe V. (18)

Due to the coercivity and continuity of a(-,-) on Vy x Vo, (18) admits a unique solution which satisfies the
Galerkin orthogonality

Yo € Vi :alu—u,v)=0. (19)

As a consequence of (19) and of Theorem 2.1, the error e, = u — u, is quasioptimal in the || o ||;-norm (10), i.e.
for every subspace Vi of ¥, which is closed in ¥, with respect to the || o [|-norm we obtain

Ju— wlly < Clo, D) inf [ — . (20)
L'LEVO

We exploit this stability to construct sequences V7§ of subspaces of ¥ by sparse tensorization. Since the com-
putational domain D x S? is a cartesian product of domains, we build Vi out of tensor products of “compo-
nent” finite element spaces in D and in S2, respectively. Note, however, that due to the s dependence of the
Dirichlet boundary I'_(s) C 0D, the subspaces V' will generally not be of tensor product type, once the bound-
ary condition (4) is imposed.

Let us start by giving the construction of the component spaces without boundary conditions. To this end,
we equip the domain D with a triangular (n = 2) or tetrahedral (n = 3) mesh 7, and the sphere with a mesh
T gz consisting of spherical triangles. The hierarchic mesh sequences 7° ID, T éz, [ =1,...,L, are then obtained by
uniform dyadic refinement of the coarse meshes (see Fig. 1).

On the hierarchic mesh sequences, we specify finite element (FE) spaces. In physical space D, the finite ele-
ment space V4 := §7!(D, Té) C H'(D) consists of piecewise polynomial functions of degree p > 1 on the fin-
est triangulation 7° g which are continuous in the physical domain D. In the solid angle s € S?, we use
Vi = §49(S*, T%) C L*(S?) of discontinuous, piecewise polynomials of degree ¢ > 0 on the spherical trian-
gles of T° gz. In the implementation ahead, we realized the simplest case p = 1 and ¢ = 0.

Based on the FE spaces V% and ng in the “component domains” D and S, we define the tensor product
finite element space Vi C ¥, on the cartesian product mesh 7 Ex T éz at refinement level L by

vE=vtnv, (21)
with

Vh=rheVh =s"'(D,Th) © 8*°(S*, T o). (22)
The Galerkin discretized problem then reads: find u;(x,s) € V§ such that

a(ug,v,) = l(v,) Vv, € V§. (23)

physical space physical space physical space physical space
level 0 level 1 level 2 level 3

solid angle level 0 solid angle level 1 solid angle level 2 solid angle level 3

Fig. 1. Mesh hierarchies used in the sparse tensor product space.
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Let a;(x), i =1,...,M, = dimV}, be a basis of V', and f,(s), j=1,...,N, = dimV%,, a basis of V%,.

S29
Remark 2. Note already at this stage the essential feature that the basis function o;(x) and f(s) of the

“component” spaces V% and Vs’ are assumed to be independent of L. This means that spaces and bases in D and
S? are assumed to be hzerarchzcal which rules out, for example, the use of classical “hat” function finite element
bases in D.

The approximate intensity #;, € V'* can be expressed in the tensor product form

M; Np

Z Z“v ) eVt (24)

Then (23) leads to a linear system of equations for the M, - N, unknowns u;;.
A natural choice of bases in the simplest case p = 1 (continuous, piecewise linear elements in D) and ¢ = 0
(discontinuous, piecewise constant elements in S?) is

e locally supported piecewise linear “hat functions” for V% that is o;(x;) = &;;, where {x1, ..., xy, } is the set of
vertices of 7%,
e and the characteristic functions of the triangles of 7° éz as B, j=1,...,Np.

In order to impose the boundary conditions in our implementation, which uses p = 1 and ¢ = 0, we take the
nodal basis in physical space and the characteristic functions of triangles 7' € 7° éz as a basis in the solid angle
S%. We then set all degrees of freedom u; to zero, if i corresponds to a “inflow” boundary node x; € I'_(s) for
s € supp(f;) C S2.

As mentloned previously, the Galerkin tensor product discretization with ¢ = 0 is equivalent to a discrete
ordinates method [1], if a one-point quadrature rule is applied in the solid angle. The discrete ordinates
method is usually referred to as Sy, where N = N, is the number of discrete ordinates [1, Section 16]. As
the number of degrees of freedom is roughly M; - N, where both M; and N; are the number of basis functions
of a discretization in D and in S, respectively, this method is not able to overcome the curse of dimensionality
even with adaptive mesh refinements in D and in S°.

A first attempt is to try and keep both N; and M small by picking adapted bases that offer a good repre-
sentation of the solution with only a few degrees of freedom. The construction of such basis functions can be
pursued via local adaptive mesh refinement starting from TO and 7 o 0,. Then, the ultimate trial and test func-
tions are built according to (24). The limitations of this approach are ev1dent since the space V- ¢ 1s expected to
provide good resolution of the radiation everywhere, 7= s> will usually have to be a fairly umform mesh.

Yet, using all the product basis functions o;(x)f;(s), i=1,...,M, j=1,...,N., as in (24) may not be
necessary at all, because only a few of them may really make a signiﬁcant contribution to representing the final
solution. Hence, a promising approach to obtaining efficient trial spaces is to select a few significant product
basis functions of the form o;(x)p,(s) and let them span V. The component basis functions o; and f§; may be
chosen from large, even infinite, sets, which will not translate into prohibitively large discrete problems. This
idea underlies the present approach to the Galerkin discretization of the radiative transfer problem which is
based on sparse tensor products of the hierarchic component finite element spaces V% and Véz. In the following,
we shall discuss two choices of the sparse tensor product space — the a priori selection of combinations of Aier-
archic basis functions, and the a posteriori, adaptive selection of such combinations.

3.1. Sparse tensor product space

The selection of significant product basis functions needs to follow strict rules in order to overcome the
curse of dimensionality without compromising accuracy. Such a set of rules for selecting basis functions a pri-
ori is offered by the framework of sparse grids [10,30]. In the following, we adapt these ideas to construct
sparse tensor products of FE spaces in H'*(D x §%) ~ H'(D) ® L*(§%). To do so, we have to exploit the /ier-
archic, multilevel structure of the sets {o;}, and {f;}, of basis functions. They have to allow a partitioning into
subsets associated with different levels of resolution. Crudely speaking, the level of a basis function corresponds
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to its importance for approximating smooth functions: basis functions on level 0 make significant contribu-
tions, those on levels with a large index do not contribute much.
The hierarchic, multilevel structure of the finite element spaces will naturally arise from the nested triangu-

lations T,l) and 7 éz, [=0,1,2,...,. On these, we define the corresponding nested sequences of finite element
spaces
Vi =8""(D,T,) Cc H'(D), V& :=5"(S*T})C L*(S). (25)

Here, $'(D, Tf)) denotes the continuous, piecewise polynomial functions of degree p = 1 on 7 ZD and
§70(8%, T éz) denotes the space of possibly discontinuous, piecewise polynomial functions of degree ¢ > 0.
These sequences of spaces are, in turn, nested, and there are so-called “detail spaces” W1, W;z such that

vh=whery vh=whers, (26)

where @ is the orthogonal direct sum with respect to the corresponding L? inner products.
Iterating (26), we see that for / > 1 the spaces V'), and Véz possess an L*- orthogonal decomposition into the

detail subspaces W, and WY,, respectively:
I I
Vp= & Wp, Ve = O We, (27)

where we set, for notational convenience W, := V9 and W, := V'},, respectively. With these definitions, the
full tensor product space V* ¢ H'(D) ® L*(S*) at mesh refinement level L is easily seen to coincide with
vh=vh o vt O WieWs. (28)

2 pr—
ST o<i bl

We shall consider the sparse tensor product space VL c vt defined by

~

Vhi= @ WieW. (29)

0<l+h<L

This means that basis functions of level / in subspaces in D are tensorized only with basis functions in S up to
level L — [ and vice versa, see Fig. 2 for an illustration. We set

W Wi, W2, W, W

Wy | We Wl WY e Wi, LW W WHeWh

Wi | WRe Wk Wie W

Wh

Fig. 2. Component spaces of the sparse tensor product space V, (for L = 3).
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VE=vtnv, VEcVEnw,. (30)
A simple counting argument also shows that

dimVt = O(N,My), Ny =dimVt = O(N, logM, + M, logN,) (31)
as L — oo.

3.2. Approximation properties

Since the sparse tensor product space VLis substantially smaller than the full tensor product space V',
accuracy may be lost. We shall now estimate the rate of convergence of the sparse Galerkin approximations
to u which show that, at least for smooth solutions, both spaces achieve the same asymptotic convergence
rate.

To this end, we define the L>-projection operators Py, : L*(D) — Vi, and P}, : L*(S*) — Vi, with the conven-
tion that P,' = P;} = 0. Then the projector P; onto the sparse tensor product space of level L can be
expressed as telescopic sum of projections onto products of the “detail” component spaces

Pu(x,s)= > (Py—Py )@ (P2 — P2 u(x,s). (32)

s2 s2
0<li+h<L
The projection P, = Ph ® sz onto ¥* can be represented analogously, if the summation extends over
0 < /1,1, < L instead.
In order to describe the approximation properties of the sparse tensor product space V', we follow [17,15]

and introduce anisotropic Sobolev spaces with fractional derivatives. We start by defining, for m,n € Ny, the
anisotropic Sobolev spaces

H*(D x §%) := H*(D) ® H'(S%), (33)
which can, for integer values of s and of ¢, equivalently be defined by
{u € L*(D x $*)|D:Du € L*(D x §%),0 < |of < 5,0 < |B| < ¢}, (34)

where for o € Nj, D} denotes the ath weak derivative with respect to x € D; we denote its order by
lo| = oy + - - - + o,. Analogously, for ff € Né, Df denotes the weak derivative with respect to s € S> and we de-
note its order || = 5, + f,.

We equip the anisotropic space with the norm

121“ = Z HDinuHiz(stz).
s (35)
t

[

For arbitrary s,¢ > 0, we define H*/(D x S*) by tensorization and interpolation.
For functions u(x,s) € H'%(D x §?) that are sufficiently smooth, the following theorem gives crucial
approximation properties of the sparse grid space, see [26] for the proof.

Theorem 3.1. Under the assumption that p = q + 1 > 1 and that u € H?*'""(D x §?), the best-approximation in
the full tensor product space V* satisfies the asymptotic error estimate

inf |lu —vll, S llu = Prulls < llu = Prullpogps) (36)
< hiHMH(HI’“-“QH"‘“‘)(DXSZ) (37)
and best-approximation in the sparse tensor product space V'L satisfies the error estimate

inf [lu —oll, s [Ju = Prulls S llu = Prullgrop.s (38)
veV

< 10ghL|H””HP“«P(DxSZ)- (39)
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The number of degrees of freedom required for these solutions behaves, as L — oo, in the full tensor product
spaces and in the sparse tensor product spaces, respectively, as

dim(V:) ~ N;M,  and  dim(VE) ~ N, logM, + M, logN,. (40)

Here, ~ and < indicates equivalence up to constants which may depend on p, s, etc. but which are indepen-
dent of ; and of N;,M; as L — oc.

We see that, up to a logarithmic factor, the convergence rates attainable with the full and the sparse tensor
product discretizations are identical, while the number of degrees of freedom in the sparse tensor product
space is, again up to logarithmic factors, the same as that of the component spaces. In effect, the use of the
sparse tensor product space V5 in (18) reduces the FEM complexity from 3 + 2-dimensional domain to essen-
tially that of a FE computation in a 3-dimensional domain while retaining (up to logarithmic terms) the
asymptotic rate of convergence provided that u € V, is sufficiently smooth.

o I(TY
. 7(T}}

SEASE

Fig. 3. Index sets Z(7%) and ZA.'(T}])

A I(Tp)

Fig. 4. Index set Z(7}).
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This cannot be guaranteed for general absorption and emission data. However, even if the solution does not
satisfy the regularity requirements needed for the approximation rates stated above, in most regions of the
product domain, the solution will be sufficiently smooth. So, even in these cases the sparse tensor product
space is a suitable initial guess based on which a space with better approximation properties can be constructed
by adaptive wavelet thresholding techniques (see Section 4).

3.3. Wavelet finite element bases

Any implementation of the sparse tensor product method does require bases of the multilevel “detail” sub-
spaces W, Wég. As we already indicated in Remark 2, the usual “hat” function finite element shape functions
are not hierarchical and therefore unsuitable to realize a sparse tensor product method. Best suited for our
purposes are either hierarchical or wavelet finite element bases. The latter offer the following important advan-
tages over the former:

-1

Fig. 7. 04(x).
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(a) wavelets exhibit vanishing moments which allows to characterize the regularity of the intensity « in terms
of the coefficient decay in its wavelet expansion. This is the basis for using thresholding of wavelet coef-
ficients to steer adaptive refinements in both, D and S?, simultaneously,

(b) (not exploited or addressed yet in the present paper) for scattering operators that are non-local on S,
wavelet type basis functions allow for compression of the corresponding stiffness matrices without sac-
rificing convergence orders which means that even in this case the computational costs are of order
O(NlogM + MlogN), where M is the number of degrees of freedom in physical space and N is the num-
ber of degrees of freedom in solid angle.

Fig. 8. Piecewise linear FE wavelet.

m degree of freedom to be refined on level 3

o refined degrees of freedom on level 4 (children)

Fig. 10. Refinement of a degree of freedom in 2D space.
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T~ +

=+

+ >~ —

~+ -
= —— 4+ -
+ >~ —+ = + >~ —+
+ — +
T~ — + T~ —
= T~ =
>+ - — >+ -

Fig. 11. Parents—children relationship of Haar wavelet functions on nested triangulations on the sphere.
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Fig. 12. Flowchart of the algorithm.
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To date, several constructions of wavelet FE in general domains D are available. In particular, we use in D
the isotropic, piecewise linear and continuous finite element wavelet basis described in [31]. They are con-
structed level-wise. On level 0, the basis functions ¥ (x), m € Z(T5), are the standard hat functions on the
coarsest mesh. With Z(7})) we denote the index set of vertices of the mesh 7, and with Z (7)) the index
set of vertices of 7 [D that do not belong to 7° ,[;1 (see Figs. 3 and 4).

On a higher level / > 0, the construction of the wavelet functions ¥/} (x),m € (T '), is based on the meshes
7' and T4 For j € Z(T%), we define ¢/(x) to be the hat function of vertex j on mesh 7.

We now construct a family of functions ¢(x) € S"(71),i € Z(T4"), that satisfy (0}, qb],ll)Lz(D) ~ Oy

As it can easily be verified, the piecewise linear functions 0)(x) with

14, v is vertex x; of mesh 75"
0,(v) = ¢ —1, v is neighboring vertex of x; on mesh 77, (41)
0, v is any other vertex of mesh 77,

fulfill this condition. Examples of the functions ¢ _,(x), ¢}(x) and 0% (x) are displayed in Figs. 5-7.
The wavelets on level / are then obtained by

active degree of freedom on level 3

coarser degrees of freedom on level 2
coarser degrees of freedom on level 1
coarser degrees of freedom on level 0

O p = N

Fig. 13. Coarser degrees of freedom in 2D space that have to be contained in the mesh when a degree of freedom on the finest level is
active.

B degree of freedom on level 3 to be refined
o degrees of freedom on level 3

» finer degrees of freedom on level 4

= coarser degrees of freedom on level 2

A coarser degrees of freedom on level 1
o coarser degrees of freedom on level 0

Fig. 14. Active degrees of freedom in 2D space after refining a degree of freedom on level 3.



6084 G. Widmer et al. | Journal of Computational Physics 227 (2008) 6071-6105

m m (qs;nv (1)11{71)1‘2 D ~
) =9 x) = > e ), me I(T). (42)
keZ(TH ( 1 ¢I—I)L2(D)

An example is shown is Fig. 8. With W/, = span{y/,m € Z(TL)Y, Vi =span{y”, 0<i<j, me Z(Th)},
they fit into the framework of Section 3.1.

The functions m—fx“) ,me€ZI(T)),l €N, form a Riesz basis for L?(D), whereas the scaled functions
Yr(x) =2" 'Higfu) AeNmeI(T ') form a Riesz basis for H'(D) (see e.g. [24] and the references therein).
As a consequence, in a wavelet decomposition of

u= Z ulm(pfn € Hl (D) (43)
I,m

10 T T T T T T T T T

Emission f(r)
o

0 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 08 0.9 1

Distance to originr

Fig. 15. Blackbody intensity f(x) of Example 1.
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Fig. 16. Heat flux of Example | (reference solution).



G. Widmer et al. | Journal of Computational Physics 227 (2008) 6071-6105 6085

the size of a coefficient u,, provides direct information about the contribution of the corresponding basis func-
tion !, with respect to the H'(D)-norm.

On unstructured, triangular meshes on S, we use agglomerated Haar wavelets (see e.g. [32]) that are
slightly adapted for the sphere. As we use piecewise constant functions, the number of degrees of freedom cor-
responds to the number of spherical triangles.

On refinement level 0 in S, %o are the characteristic functions on the triangles T, of the coarsest triangula-
tion. On higher levels / > 0, the basis functions y} are based on the meshes 7% and 74", where n € index set
on level /. The support of y] is a triangle on 7 é?l. On each sub-triangle 7;,i =1,...,4,

S|

R (44)

)
A/ 2kt ﬁ

>

1.18e+00

1.13e-02

Level in Solid Angle

[
ce Level in Physical Spa

Fig. 17. Size of wavelet coefficients of the full tensor product solution for Example 1.

WNEAEE 1] WRBE

Level in Solid Angle

3 1
Level in Physical Space

Fig. 18. N 1 = 149120 largest wavelet coefficients of the full tensor product solution for Example 1 at level L = 3.
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where |T;| denotes the area of the spherical triangle T, see Fig. 9. This ensures L*-orthogonality between the
different levels.

4. Adaptivity
4.1. Theory

The sparse tensor method described in the previous section is a powerful tool to reduce the number of
degrees of freedom in the discretization in the case of an intensity function that is smooth with respect to phys-
ical space as well as solid angle.

120 T T T T T T T T T
— — — Level O Full
Level 1 Full
Level 1 Spars¢
100 a0 e Level 2 Full |1
< Level 2 Sparsg
Level 3 Full
N Level 3 Sparse

80

40t

Incident Radiation G(x1,0)
3

20

0 . . . . . . . h 2
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

X4

A

Fig. 19. Incident radiation for Example 1.

140Jl T T T T T T T T T
1 — — — Level O Full
120 b Level 1 Full
L Level 1 Sparseg
) <o Level 2 Full
100 < Level 2 Spars{]|
Level 3 Full
80 Level 3 Sparse

Net Emission E(x1,0)
5

Fig. 20. Net emission for Example 1.
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However, for a large number of problems, this a priori choice of degrees of freedom is not asymptotically
optimal in the sense of a best N-term approximation: assuming that we have at hand a wavelet basis
{¥,(x,8)},.¢ indexed by a multi-index 4 in the index set V which spans the space V,, such as the product
wavelet basis constructed in the previous section, the best N-term approximation u* of the intensity u(X,s)
with respect to a norm || o ||, on D x S* is an approximation of u from the space ¥} C V, given by

Vi :=span{y, : . € A} (45)

for some index set A C V with A/, = #4 = dimV] many indices chosen such that

10 T T T T
—— full tensor product
= ® = sparse tensor product
T
S
[
o 10 B
)
=
8
[9]
o
107 2 e o e g 7
10 10 10 10 10 10
Degrees of freedom
Fig. 21. Ex. 1: Relative intensity error in the H'°(D x $*)-norm.
10° . . , :
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- ® - sparse tensor product
1
< 107} B
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=
©
¢ 2
T 40 1
1073 1 1 1

10? 10° 10* 10° 108 107
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Fig. 22. Ex. 1: Relative intensity error in the 4(D x §?)-norm.
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e — w4l < inf - min flu—v4l,. (46)

H#A=N

In other words, the best N-term approximation u’ is the best approximation to u if we are willing to spend N
degrees of freedom in D x S*. It is obvious that the best N-term approximation u’ of u converges at least as
fast as the sparse tensor product approximation #* with N = dim VL degrees freedom. Therefore, by Theorem
3.1, also the best N-term approximation u% of the intensity will be able to break the curse of dimension (see
[33] for theoretical background on this). What is more, however, is that the set of solutions u for which
attains the convergence rate of the sparse tensor product approximation #; with N = dim VL degrees of

10' ; ; : :
—e— full tensor product
- @ - sparse tensor product
[\
—
(O]
.
o
3 102} §
o
=
=
K
[}
o
10’3 L L L L

10° 10° 10* 10° 10° 10
Degrees of freedom

Fig. 23. Ex. 1: Relative error of the incident radiation in the L*(D)-norm.

10 T T T T
—a— full tensor product
- @ - sparse tensor product
w107} 1
o
o
o
5
(0]
=
©
[] .
o© 10°} 1
1072 L L L L
7

10 10° 10* 10° 10° 10
Degrees of freedom

Fig. 24. Ex. 1: Relative error of the heat flux in the L?(D)-norm.
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freedom is much larger than H”*'?(D x §%) — it is typically some Besov space (see [34] and the references there
for details).

Consider a light beam, for example. On the one hand a very fine resolution in the direction of the ray as well
as a fine spatial resolution, where the ray crosses the domain, is required. On the other hand, most degrees of
freedom in physical space as well as in solid angle can be neglected as the intensity there is zero. In some real-
world applications, the intensity will neither be smooth everywhere in the domain nor only consist of a light
beam in vacuum. We therefore opt for an adaptive algorithm that selects the degrees of freedom that are rel-
evant for the given problem. In our implementation, we exploit an important feature of best N-term approx-
imation, namely that a near best N-term approximation in H'(D x S?) can be computed by wavelet
thresholding, i.e. by simply keeping the N largest contributions to the solution, measured in the
| © [|z710(pxs2)-n0rm, of the wavelet expansion of u, see e.g. [35, Theorem 4.3.1].

11

Emission f(r)

0 . . . . . . . .
0 0.1 02 03 04 05 06 07 08 09 1

Distance to originr

Fig. 25. Blackbody intensity for Example 2.
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Fig. 26. Absorption coeflicient for Example 2.
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Adaptive sparse tensor product methods based on this idea have been applied to various problems, see e.g.
[20-23]. A survey of adaptive wavelet techniques can be found, for example, in [24] and the references there.

Note that while the norm equivalence of the wavelet coefficients to the norm || o [| ;10,2 is rather straight-
forward to establish, the norm equivalence of the wavelet coefficients to the energy norm || o || , is to date open.
Nevertheless, we propose to use thresholding of wavelet coefficients also in the present context and describe
next the implementation of an adaptive discretization based on the heuristic ideas above.

4.2. Implementation

In order to describe the algorithm, we introduce a partial order (“parent—child relationship”) of the basis
functions as follows:

0.8

0.2

-0.2}

-0.4 |

-0.8

-1t

Ge-02

3e-0

Level in%olid Angle

B
q

1.00e-08t = 4 2 3
Level in Physical Space

Fig. 28. Size of wavelet coefficients of the full tensor product solution for Example 2.
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Y(x)<py¥/'(x) if ¥(x) is a child of ¥/(x), (47)
1(s)<s2x/'(s) if x(s) is a child of y/'(s), (48)

¥(x), ¥ (x) being wavelets in physical space and y(s), x(s)’ being wavelets on the sphere.

We restrict ourselves to the 2-dimensional case, as the numerical experiments are carried out for n = 2.
Generalizations of all concepts below to n = 3 are straightforward.

In physical space, the children of a basis function corresponding to a given vertex correspond to the edge
midpoints of the neighboring triangles of the vertex (see Fig. 10).

In the solid angle, the children are the twelve basis functions on the next level that overlap with the basis
function to be refined. Fig. 11 shows three parent wavelet functions with their twelve children. Each parent has
twelve children and each child three parents (except on the coarsest level).

Level in Solid Angle

Y 2 1 3 1

1 aval i Diy i [~

bt e I IS e Lo L s Ut

Fig. 29. ﬁL = 149120 largest wavelet coefficients of the full tensor product solution for Example 2 at level L = 3.
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Fig. 30. Incident radiation for Example 2.



6092 G. Widmer et al. | Journal of Computational Physics 227 (2008) 6071-6105
The adaptive algorithm proceeds level-wise (see also Fig. 12).

(1) We start with the computation of the intensity on the coarsest tensor product space.

(2) Select the degrees of freedom where the wavelet coefficients are above a given threshold.

(3) We impose the constraint that complete trees have to be maintained. We therefore ensure that all ances-
tors of the selected degrees of freedom are also included in the set, i.e. if the tensor product of basis func-
tions Y(x)y(s) is in the active set, we add recursively all degrees of freedom v/'(x)y/(s) with
W =V x<gx) or (b<o¥',x=1).

(4) We then recompute the solution with the active set of degrees of freedom before.

(5) We threshold the coefficients again.
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Fig. 32. Ex. 2: Relative intensity error in the #'°(D x $*)-norm.
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(6) We now add the degrees of freedom that correspond to refinements in physical space or solid angle of the
active degrees of freedom, i.e. in order to refine a tensor product degree of freedom ¥/(x)y(s), we add all
degrees of freedom v/'(x)y/(s) with either (' =, ¥’ <qx) or (Y'<p¥, 7' = 7).

(7) Again, we add all coarser degrees of freedom.

(8) After recomputing the solution, we repeat this procedure on higher levels starting from (2), until the fin-
est level L is reached.

Although the solution has to be computed twice in each iteration step, the method is not too expensive, as a
good initial guess for an iterative solver is available from the previous step.
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Fig. 33. Ex. 2: Relative intensity error in the 4(D x $*)-norm.
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Fig. 34. Ex. 2: Relative error of the incident radiation in the L*(D)-norm.
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In Fig. 13, one can see which coarser degrees of freedom have to be active, if the set contains a certain ver-
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tex on the finest level. A consistent refinement of a degree of freedom is shown in Fig. 14.

As the set of active deg

in the one of a narrow light

rees of freedom is a subset of the degrees of freedom of a sparse tensor product
space, the adaptive algorithm can be seen as an additional sparsification. However, in extreme examples as
beam, this algorithm allows to go up to much higher levels and the selected degrees

of freedom will have little in common with the original sparse tensor product space.

Relative error q,2

10° .
—e— full tensor product
= ® = gsparse tensor product
adaptive sparse tensor product
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Fig. 35. Ex. 2: Relative error of the heat flux in the L?(D)-norm.
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Fig. 36. Absorption coeflicient for Example 3.
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5. Numerical experiments

We test our method on the model circular 2D spatial domain D = {x € R?, |x| < 1}, with different sets of
emission and absorption data. The nested meshes we use for the definition of the multilevel hierarchies are
shown in Fig. 1. In physical space, they consist of 41, 145, 545 and 2113 degrees of freedom, in solid angle
of 20, 80, 320 and 1280 degrees of freedom. In order to compute the solution for a given set of degrees of free-
dom, we compute the stiffness matrices with respect to physical space and solid angle and use the conjugate
gradient method with diagonal preconditioning to solve the linear system. We stop the iteration when the rel-
ative error in the energy norm is smaller than 10~¢. We impose the boundary conditions by projecting the solu-
tion onto the subspace described in Section 3 in each iteration step.
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Fig. 38. Size of wavelet coefficients of the full tensor product solution for Example 3.
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Incident radiation G(x) = / i u(x,s)ds, (49)
and net emission E(x) = k(x)(4nf(x) — G(x)) (50)

are important quantities in radiative transfer simulations. We plot profiles along the (positive) x;-axis of those
quantities for the different methods and levels.

In order to obtain error estimates, we compute reference solutions by line integration of the transport-reac-
tion equation on level 3 in physical space and solid angle. We measure the error of the radiation intensity, the
incident radiation and the heat flux in suitable norms.

We therefore define the following errors:
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Fig. 39. N 1 = 149,120 largest wavelet coefficients of the full tensor product solution for Example 3 at level L = 3.
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Fig. 40. Incident radiation for Example 3.
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where

q(x) := /S2 u(x,s)sds (55)

is the heat flux and /., G.r and q,; are the reference solutions of the intensity, incident radiation and heat
flux.
We visualize the efficiency of the (adaptive) sparse tensor product approximation by plotting the error in

the intensity (resp. in the incident radiation or heat flux) versus the number of active degrees of freedom
on levels 0 to 3.
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Fig. 44. Ex. 3: Relative error of the incident radiation in the L*(D)-norm.
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Example 1. Illustrates the performance of the sparse tensor product method, when the intensity is a smooth
function with respect to physical space as well as solid angle due to a large absorption coefficient and zero
emission near the boundary. The blackbody intensity is given in Fig. 15, while the absorption coefficient is 10
everywhere in the domain. The resulting heat flux of the reference solution is given in Fig. 16.

In Fig. 17 the absolute values of the coefficients with respect to the tensor product wavelet basis of the full
tensor product solution are displayed, while Fig. 18 shows the N largest wavelet coefficients. Here, N is the
number of degrees of freedom in the sparse tensor product space. In both figures, the sparse tensor product
space corresponds to the area to the left and above the blue line. As expected, most of the A, largest
coefficients are contained in the sparse tensor product space.
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Fig. 45. Ex. 3: Relative error of the heat flux in the L?(D)-norm.
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Fig. 46. Heat flux of Example 4 (reference solution).
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The excellent approximation properties of the sparse tensor product space are also confirmed by the profiles
of the incident radiation and net emission that are shown in Figs. 19 and 20 and the convergence results in
Figs. 21-24: The sparse tensor product approximation is (almost) as accurate as the full tensor product
approximation, while the number of degrees of freedom is reduced from N -M to O(NlogM + MlogN),
where M is the number of degrees of freedom in physical space D and N the number of degrees of freedom in
solid angle S2.

Example 2 (see Figs. 25 and 26). There is a radiating zone in the center of the domain with an exponential
decay of the blackbody intensity and the absorption coefficient to zero between |x| =0.2 and roughly
|x| = 0.7. In contrast to Example 1, the absorption coefficient varies between 0 and 10 and energy is emitted
in the center and transported to the boundary of the domain, leading to the heat flux displayed in Fig. 27.
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Fig. 47. Size of wavelet coefficients of the full tensor product solution for Example 4.
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Fig. 48. N 1 = 149120 largest wavelet coefficients of the full tensor product solution for Example 4 at level L = 3.
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Again, the structure of the wavelet coefficients indicates that the solution can be well approximated in the
(adaptive) sparse tensor product space (Figs. 28-30).

The results of the incident radiation and net emission confirm that. With the exception of the adaptive
sparse tensor approximation on level 3, the error increases only slightly when the (adaptive) sparse tensor
product method is applied. Figs. 32-35 show that the sparse tensor product method is clearly superior to the
full tensor product approximation. Introducing adaptivity, we further improve the ratio between the error and
the number of degrees of freedom of the discretization. However, as in particular the results in the net emission
and the heat flux in Figs. 31 and 35 indicate, the selection of the degrees of freedom in the adaptive algorithm
could most likely be improved.

16 T T T T T T T T T
N — — — Level O Full
| \\ Level 1 Full
141 ] \ Level 1 Sparse 7
1 \ Level 1 Adaptive
Y N ~-Level 2 Full
= < Level 2 Sparse
Q 12 O Level 2 Adaptive ]
x Level 3 Full
(0] Level 3 Sparse
c 10} Level 3 Adaptive i
2 R Reference solution
8
g
r 8
= :
)
ke
2 °
4 by
& e,
N .
-1 -08 -06 -04 -0.2 0 0.2 0.4 0.6 0.8 1
%
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Example 3. The radiating source is not radially symmetric due to the absorption coefficient, which is given in
Fig. 36. The blackbody intensity f'(x) is equal to 1 everywhere in the domain. This results in the non-symmet-

ric heat flux given in Fig. 37. The results are displayed in Figs. 38-45 and confirm that radial symmetry is not
required for the approximation properties.

Example 4. We test the performance of the methods for a problem, where the domain is divided into a
strongly absorbing and a non-absorbing area. We choose the discontinuity not to match with the mesh in
physical space and set the absorption coefficient as follows:
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Fig. 51. Ex. 4: Relative intensity error in the H#°(D x §*)-norm.
10° . . . ;
D —— —
_<
S
O
o 10 | B
ﬁ —e— full tensor product
E - & - sparse tensor product
adaptive sparse tensor product
107 : :

10? 10° 10* 10° 10° 107
Degrees of freedom
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10 —L
K(X) — { y X1 < '157 (56)
0, otherwise.

The blackbody intensity is equal to 1 everywhere in the domain. The resulting heat flux is shown in Fig. 46.

This problem is very hard to solve, as the intensity into directions with a negative s;-component undergoes
a sudden change around x; = —% and for x; < —% the large emission xf leads to steep gradients at the
boundary. Therefore, we expect that a high resolution in physical space as well as solid angle is required in
these regions. This is confirmed by Figs. 49-54 as all methods fail to produce an accurate solution, with the
error mainly originating from an insufficient resolution at the boundary and the discontinuity.

10 T T T T

—e— full tensor product
- ® - sparse tensor product

adaptive sparse tensor product

Relative error GLz
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-

10’ I I I
102 103 104 10° 10° 107
Degrees of freedom

Fig. 53. Ex. 4: Relative error of the incident radiation in the L*(D)-norm.
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Fig. 54. Ex. 4: Relative error of the heat flux in the L?(D)-norm.
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However, reducing the number of degrees of freedom to the (adaptive) sparse tensor product space hardly
influences the accuracy (Figs. 47-54). Therefore, the adaptive sparse tensor product method has the potential
to include some degrees of freedom from higher levels to improve the accuracy at affordable computational
costs. Due to limitations of the current implementation, we could not carry out such experiments.

Remark 3. The simple diagonally preconditioned CG-solver combined with projection methods to impose the
boundary conditions is not satisfactory, as the number of iterations increases with the number of levels and the
algorithm even does not converge to a relative error of 107 on level 3 for some problems. However, as we
focus on the approximation properties of the different spaces, we content ourselves here with that straightfor-
ward method for the moment.

6. Conclusions

We have presented an efficient method to discretize the radiative transfer equation for arbitrary absorp-
tion coefficients without scattering. For solutions of sufficient regularity, the sparse tensor product approx-
imation is (almost) as accurate as the full tensor product approximation, while the number of degrees of
freedom is reduced from N, - M, to O(N,logM, + M, logN;), where N, is the number of degrees of free-
dom in physical space D and M, the number of degrees of freedom in solid angle S*. Here, we used only the
lowest degree finite elements, namely p = 1 in D and ¢ = 0 in S>. Even with this lowest order method, in
numerical experiments our sparse tensor product method could achieve an accuracy comparable to that
of the full tensor product method with only a fraction (1-20%) of the degrees of freedom. We obtained with
a simple adaptive refinement strategy based on thresholding the solution’s wavelet coefficients in various
examples an additional reduction in the number of the degrees of freedom by a factor of 10 while still
retaining the accuracy of the scheme. If the radiation intensity u is piecewise smooth, increasing the approx-
imation order to p > 1 in D and to ¢ > 0 in S* and applying wavelet coefficient thresholding allows a further
reduction of degrees of freedom by selecting the most relevant contributions. The p = 1,¢q = 0 sparse tensor
method realized here could be viewed as sparse tensor version of the discrete ordinate method Sy. Our con-
struction is considerably more general, however: apart from raising p and ¢, other hierarchies of spaces in
§?%, such as the span of spherical harmonics of order at most N, in place of the hierarchic sequence Véz in
(22) could be used.
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